Topological nodal-line semimetals (TNLSs) exhibit exotic physical phenomena due to a one-dimensional (1D) band touching line, rather than discrete (Dirac or Weyl) points. While so far proposed two-dimensional (2D) TNLSs possess closed nodal lines (NLs) only when spin-orbit coupling (SOC) is neglected, here using Na 3 Bi trilayers as an example, we show that 2D TNLSs can been obtained from topological (crystalline) insulators (TI/TCI) by time-reversal symmetry breaking even in the presence of SOC.
7-9
In nontrivial semimetals, conduction and valence bands can cross each other either at zerodimensional isolated points or along one-dimensional closed curves in so-called Dirac/Weyl semimetals or topological nodal-line semimetals (TNLSs), respectively. Recently, symmetry protected 2D nontrivial semimetals have been predicted theoretically, 10 and material realization of the 2D TNLSs are proposed in Hg 3 As 2 , 11 PdS, 12 and Ca 2 As 13 thin films. However, the nodal-line (NL) appears only when SOC is ignored. Similar to graphene, 14 a tiny gap in order of meV opens at the crossing point when SOC is included, thus, strictly speaking, there is no NL in the previously proposed 2D systems . [11] [12] [13] On the other hand in 3D, NLs are obtained even with SOC. [15] [16] [17] This inspired us to look for the possible realizations of 2D TNLSs with SOC, and to explore their manifestations, such as e.g. the spin Hall effect (SHE), in praticular relevant within the scope of spintronics apllications.
18
Magnetism may significantly change the electronic and topological properties of the nontrivial materials, such as the creation of Weyl nodes from quadratic bands via the application of magnetic fields as observed in half-Heusler GdPtBi in a recent experiment. 19 For 2D TI and/or TCI, time-reversal symmetry breaking and ferromagnetism can be induced by magnetic doping 8, [20] [21] [22] [23] [24] or chemical decoration, [25] [26] [27] and can even result in a phase transition from a 2D TI/TCI to a quantum anomalous Hall insulator (QAHI) (see Figure 1a) . The latter has recently been studied extensively 8, [20] [21] [22] [23] [24] [25] [26] [27] Na(2) in 4f position. Unlike the predicted 2D TNLSs Hg 3 As 2 , 11 PdS, 12 and Ca 2 As, 13 in the Na 3 Bi trilayer the inversion symmetry is broken while the mirror symmetry z → −z and C 3 rotation symmetry are preserved. Symmetry analysis shows that the realization of NLs is allowed. 10 However, the Na 3 Bi trilayer is a nontrivial insulator with a dual (TI and TCI)
character. 30 The calculated band structure in the presence of SOC is shown in Figure 1d , from which one can clearly see the energy gap of 0.31 eV at the Γ point.
In the following, we explore the magnetically induced effect on Na 3 Bi trilayer based on the constructed Wannier Hamiltonian. Without a magnetic field, as shown in Figure 1d , the bands show excellent agreement with the first-principles bands, and the spin-up and spin-down bands are degenerate. Introducing the magnetic field B ⊥ , which is perpendicular to the mirror plane, breaks the time-reversal symmetry and splits the spin-degenerate bands. To reveal its influence, we present the variation in the energy gaps, global energy gap E global and energy gap at the Γ point E Γ , with respect to the magnetic field in Figure 1e . Both Similar to 3D TNLSs, 36-38 NLs do not appear at a constant energy but have a small energy dispersion. Remarkably, our proposed magnetically induced 2D TNLS in Na 3 Bi trilayer including SOC is gapless, which is different from currently predicted ones in Hg 3 As 2 , 11 PdS,
12
and Ca 2 As, 13 where SOC opens a tiny energy gap at original crossing points with a negative global gap, so that they are nontrivial semimetals in a strict sense.
On the other hand, SHE, which is induced by SOC, has generated great interest due to its spintronics applications. The closed NL in the presence of SOC allows us to investigate the SHE in 2D TNLS. Using the fitted Wannier Hamiltonian, we compute the spin Hall conductivity of 2D TNLS, given by the Kubo formula
Where Ω S (k) is the spin Berry curvature summed over occupied valence bands. J To test the symmetry protection of the 2D NL, firstly we move the two Na(2) atoms by 0.32Å (a large displacement) along in-plane direction, which breaks the C 3 rotation symmetry while the mirror symmetry survives. The NL appears under an appropriate magnetic field, indicating that the obtained NL is not a consequence of C 3 rotation symmetry. To break the mirror symmetry, the magnetization direction is switched by applying an additional magnetic field parallel to the mirror plane B on the Na 3 Bi trilayer. As shown in Figure 2d , the NL around Γ point disappears and an energy gap emerges. In fact, this is similar to the mirror symmetry protected TCIs, where an energy gap in surface/edge states can also be induced by breaking the crystal mirror symmetry. 24, 40 The induced energy gap is tunable and depends on both B ⊥ and B . For B ⊥ = 0.5 eV and B = 0.25 eV, presented in Figure 2d , the induced energy gap is 0.12 eV, large enough for room temperature application. We then evaluate its anomalous Hall conductivity σ In summary, we theoretically predicted, for the first time, new family of 2D TNLSs in Na 3 Bi trilayers. The closed NLs, which rely on the crystalline symmetry z → −z, survive when SOC is taken into account. As the mirror symmetry is broken for an in-plane magnetic field, the QAHI is obtained with Chern number C = 1 and exotic edge states. In addition,
we predicted very strong SHE in 2D TNLSs, indicating its highly potential applications in spintronics for generating and detecting spin currents.
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